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a b s t r a c t
Let G = (V (G), E(G)) be a simple connected graph and F ⊂ E(G). An edge set F is an
m-restricted edge cut if G − F is disconnected and each component of G − F contains
at least m vertices. Let λ(m)(G) be the minimum size of all m-restricted edge cuts and
ξm(G) = min{|ω(U)| : |U| = m and G[U] is connected}, where ω(U) is the set of edges
with exactly one end vertex in U and G[U] is the subgraph of G induced by U . A graph
G is optimal-λ(m) if λ(m)(G) = ξm(G). An optimal-λ(m) graph is called super m-restricted
edge-connected if every minimum m-restricted edge cut is ω(U) for some vertex set U
with |U| = m and G[U] being connected. In this note, we give a characterization of super
2-restricted edge-connected vertex transitive graphs and obtain a sharp sufficient
condition for an optimal-λ(3) vertex transitive graph to be super 3-restricted edge-
connected. In particular, a complete characterization for an optimal-λ(2) minimal Cayley
graph to be super 2-restricted edge-connected is obtained.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
For graph-theoretical terminologies and notation not given here, we follow Bondy [2]. For a finite, undirected, simple and
connected graph Gwith vertex set V (G) and edge set E(G), an edge-cut of G is an edge set F such that G− F is disconnected.
The edge-connectivity λ(G) of a graph G is the minimum cardinality of an edge cut of G. A graph G is called maximally edge-
connected, or simplymax-λ, if λ(G) = δ(G), see [7] for details. Furthermore, we call a graphG super edge-connected, or simply
super-λ if G is max-λ and every minimum edge-cut of G isolates one vertex. It is well known that every vertex transitive
graph is max-λ, see [12,17]. Bauer et al. [1] characterized super-λ vertex transitive graphs as follows:
Theorem 1.1. Let G be a k-regular-connected vertex transitive graph which is neither a complete graph nor a cycle. Then G is
super-λ if and only if it contains no k-cliques.
Zhang and Meng [19] considered a more general definition as follows. An edge set F is an m-restricted edge-cut of a
connected graph G if G − F is disconnected and each component of G − F contains at least m vertices. Let λ(m)(G) be the
minimum size of all m-restricted edge-cut and ξm(G) = min{|ω(U)| : |U| = m and G[U] is connected}, where ω(U) is
the set of edges with exactly one end vertex in U and G[U] is the subgraph of G induced by U . A graph G is optimal-λ(m) if
λ(m)(G) = ξm(G). An optimal-λ(m) graph is called super m-restricted edge-connected, or simply super-λ(m), if every minimum
edge cut isolates one component G[U]with |U| = m.
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Fig. 1. Non-super 2-restricted edge-connected vertex transitive graphs.
This definition of m-restricted edge-connectivity is essentially the same with the concept of m-extra cut proposed by
Fàbrega and Fiol [4]. The difference is that they require each component to have at leastm+ 1 vertices instead ofm.
By the definition of λ(m)(G), we can see that λ(G) = λ(1)(G) ≤ λ(2)(G) ≤ λ(3)(G) · · · as long as these parameters exist.
In [20], Zhang and Yuan showed that λ(k)(G) ≤ ξk(G) for k ≤ δ(G)+ 1 except for one well-defined graph (this graph is not
vertex transitive).
Studies of optimal-λ(2) and optimal-λ(3) graphs can be found in [10,13,16,18] etc. Wang [16] obtained the following
sufficient condition for a vertex transitive graph to be super-λ(2).
Theorem 1.2. If G is a connected k-regular vertex transitive graph with degree k > 2 and girth g > 4, then it is super-λ(2).
Cayley graphs are an important class of vertex transitive graphs. For a group G, we use 1G, o(x) and ⟨x, y, . . .⟩ to denote
the identity of G, the order of the element x in G and the subgroup of G generated by {x, y, . . .}, respectively. For a finite
group G, let S be a subset of G such that 1G ∉ S and S−1 = S. The Cayley graph Cay(G, S) is a graph with vertex set G and
edge set {(g, sg) : g ∈ G, s ∈ S}. A Cayley graph is aminimal Cayley graph if S = S0 ∪ S−10 , where S0 is a minimal generating
set of G, that is, ⟨S0⟩ = G, and for any s ∈ S0, ⟨S0 \ {s}⟩ is a proper subgroup of ⟨S0⟩. In this case, call S a symmetric minimal
generating set of G. Clearly, if Cay(G, S) is a minimal Cayley graph and S1 is an inverse-closed subset of S, then Cay(⟨S1⟩, S1)
is also a minimal Cayley graph.
In this paper, we first give a characterization of super-λ(2) vertex transitive graphs, which improves the result of
Theorem 1.2. In particular, a complete characterization for the optimal-λ(2) minimal Cayley graphs to be super 2-restricted
edge-connected is obtained. In Section 3, we give a sharp sufficient condition for an optimal-λ(3) vertex transitive graph to
be super 3-restricted edge-connected. For these purposes, we introduce some special graphs as follows, see Fig. 1.
We use Cm[K2], Cm(K2) to denote the lexicographic product and cartesian product of cycle Cm and K2, respectively. Mm
denotes the Möbius ladder with m rungs, Cm[K2] − M denotes the 4-regular vertex transitive graph by removing a perfect
matching from Cm[K2] (it is not difficult to see that Cm[K2] −M is an isomorphism to the square of C2m), Dt denotes a graph
family of the 4-regular vertex transitive graph every vertex of which is contained in exactly two triangles, i.e. Dt denotes the
set of the line graphs of a triangle-free edge transitive cubic graphs. In fact, one can show that each edge of a graph in Dt lies
in exactly one triangle and each vertex of the graph lies in exactly two triangles. So the edge set of each graph in Dt can be
partitioned into a set of triangles. By Theorem 1.7.2 in [6] (a non-empty graph is a line graph if and only if its edge set can
be partitioned into a set of cliques with the property that any vertex lies in at most two cliques), we have that Dt is a set of
line graphs. Clearly, the graphs in Dt are line graphs of cubic graphs. Note that if a cubic graph G contains a triangle, then a
vertex in its line graph L(G) corresponding to an edge of the triangle is contained in three different triangles. Any graph in
Dt is vertex transitive, so we have that Dt denotes the set of the line graphs of a triangle-free edge transitive cubic graphs.
In the following, we define z = {Cm[K2], Cm(K2), Cm[K2] −M,Mm, Cm} ∪ Dt .
2. Super-λ(2) vertex transitive graph
A restricted edge-cut F ofG is called a λ(2)-cut if |F | = λ(2)(G). It is easy to see that for any λ(2)-cut F ,G−F has exactly two
non-trivial connected components. Let A be a proper subset of V (G). If ω(A) is a λ(2)-cut of G, then A is called a 2-restricted
edge fragment of G. Notice that if A is a 2-restricted edge fragment of G, then so is V \ A. By the definition of fragment, we
see that G[A],G[V \ A] are both connected. A 2-restricted edge fragment with the least cardinality is called a 2-restricted
edge atom. For simplicity of statement, we abbreviate the 2-restricted edge fragment and 2-restricted edge atom by λ(2)-
fragment and λ(2)-atom, respectively. By the definition, any λ(2)-atom A satisfies |A| ≤ |V (G)|/2. A λ(2)-fragment is trivial if
G[A] is an isolated edge. A nontrivial λ(2)-fragment with minimum cardinality is called a λ(2)-superatom. Thus, if G has some
λ(2)-superatom of G, then G is not super-λ(2), and the cardinality of λ(2)-superatom is at least 3.
The following lemma is the well known submodular inequality (cf. [11] p. 45, ex. 48(a)).
Lemma 2.1. Let A and B be two subsets of V (G). Then
|ω(A)| + |ω(B)| ≥ |ω(A ∩ B)| + |ω(A ∪ B)|.
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Lemma 2.2. Let G be an optimal-λ(2) k-regular vertex transitive graph which is not super-λ(2), k ≥ 3. If G is not a graph of z,
then any two λ(2)-superatoms of G are disjoint.
Proof. We prove the lemma by contradiction. Let G be an optimal-λ(2) vertex transitive graph. Assume that A and B are
two distinct λ(2)-superatoms of G with A ∩ B ≠ ∅ and such that |A ∩ B| as larger as possible. By the definition of λ(2)-
superatoms, G[A],G[B],G[V \ A],G[V \ B] are all connected. Thus G[A ∪ B] and G[V \ A ∩ B] are connected since A ∩ B ≠ ∅
and (V \ A) ∩ (V \ B) ≠ ∅.
Claim. |A ∩ B| ≤ 2.
Suppose |A ∩ B| ≥ 3. If G[A ∩ B] is connected, then ω(A ∩ B) is a 2-restricted edge-cut. It follows that |ω(A ∩ B)| ≥
λ(2)(G) = 2k−2. If G[A∩B] is disconnected, we can show that |ω(A∩B)| > λ(2)(G) = 2k−2. In fact, since λ(G) = k, we see
that if the number of components of G[A∩ B] is at least 3, then |ω(A∩ B)| ≥ 3k > λ(2)(G) (recall that k ≥ 3). If G[A∩ B] has
exactly two components, then at least one of them has more than one vertex, and thus |ω(A ∩ B)| ≥ k+ λ(2)(G) > λ(2)(G).
Notice that |V \ (A∪ B)| = |V | − |A| − |B| + |A∩ B| and |A| = |B| ≤ |V |/2, we have |V \ (A∪ B)| ≥ |A∩ B| ≥ 3. By a similar
argument, we have |ω(A ∪ B)| ≥ λ(2)(G) = 2k− 2. By Lemma 2.1,
2λ(2)(G) ≤ |ω(A ∩ B)| + |ω(A ∪ B)| ≤ |ω(A)| + |ω(B)| = 2λ(2)(G).
It follows that |ω(A ∩ B)| = |ω(A ∪ B)| = λ(2)(G) and G[A ∩ B] is connected. But then, A ∩ B is a nontrivial λ(2)-fragment
smaller than A, contradicting that A is a λ(2)-superatom of G. The claim is proved.
By the claim, we consider the following two cases.
Case 1. |A ∩ B| = 1.
If |A| > 3, then |A \ B| ≥ 3. For A \ B, by an argument similar to the proof of the above claim, we arrive at a contradiction
that A \ B is a nontrivial λ(2)-fragment smaller than A. Thus, |A| = 3. As a consequence, ω(A) ≥ ξ3(G).
If g(G) ≥ 4, then 3k− 4 = ξ3(G) ≤ ω(A) = 2k− 2, which is impossible for k ≥ 3.
If g(G) = 3, then it follows from 3k − 6 = ξ3(G) ≤ ω(A) = 2k − 2 that k ≤ 4. On the other hand, by the monotonicity
of λ(m)(G), we have ξ3(G) ≥ λ(3)(G) ≥ λ(2)(G) = ω(A), and thus k ≥ 4. Recall that |A ∩ B| is at most 1. Hence k = 4 and it
can be seen that G ∈ Dt .
Case 2. |A ∩ B| = 2.
Similar to the proof in the first paragraph of Case 1, we have |A| = |B| = 3 or 4.
In the case that |A| = |B| = 3, if g(G) ≥ 4, then ξ3(G) ≥= 3k− 4 > 2k− 2 = ω(A) which is a contradiction for k ≥ 3;
if g(G) = 3, then k = 4 and a simple argument implies G ∼= Cm[K2] − M (in fact, notice that |A ∩ B| = 2, then there are
two triangles which have a common edge in G and assume that A = xyu, B = xyv are the two triangles. Since k = 4, there
are two verticesw1, w2 such that xw1, yw2 ∈ E(G). Note that G is vertex transitive, then either vw1 ∈ E(G) or uw1 ∈ E(G).
Without loss of generality we assume vw1 ∈ E(G) and then uw2 ∈ E(G), and so on. Thus, G ∼= Cm[K2] −M .)
Hencewe assume that |A| = |B| = 4. It follows that |ω(A)| ≥ ξ4(G). If g(G) > 4, then by 4k−6 = ξ4(G) ≤ ω(A) = 2k−2,
we have k ≤ 2 and then there is nothing to do. If g(G) = 4, then by 4k− 8 = ξ4(G) ≤ ω(A) = 2k− 2, we have k ≤ 3. It can
be seen that G ∼= Cm(K2) ∈ z or G ∼= Mm ∈ z for k = 3. If g(G) = 3, then by 4k − 12 ≤ ω(A) = 2k − 2 we have k ≤ 5.
Since ξ3(G) = 3k− 6 ≥ λ(3)(G) ≥ λ(2)(G) = 2k− 2, we have k ≥ 4. Thus k = 5 or 4. In case k = 5, we have G[A] ∼= K4 and
G ∼= Cm[K2]. In case k = 4, we have G[A] ∼= K4 − e, this leads to a contradiction since A is not a λ(2)-superatom (a triangle is
a λ(2)-fragment of size 3 which is smaller than |A|). 
An imprimitive block of a graph G is a proper nonempty subset A of V (G) such that for any automorphism φ ∈ Aut(G),
either φ(A) = A or φ(A) ∩ A = ∅. By this definition and Lemma 2.2., if G is neither super-λ(2) nor a graph of z, then every
λ(2)-superatom of G is an imprimitive block of G. The following theorem is well-known (cf. [6,15]).
Theorem 2.3. Let X be a graph and let Y be the subgraph of X induced by an imprimitive block A of X.
(1) If X is vertex transitive, then so is Y .
(2) If X = Cay(G, S) is a Cayley graph and A contains the identity of group G, then A is a subgroup of G.
Theorem 2.4. Let G be an optimal-λ(2) k-regular vertex transitive graph. If G is not a graph of z = {Cm[K2], Cm(K2), Cm[K2] −
M,Mm, Cm} ∪ Dt , then G is not super-λ(2) if and only if either
(1) G contains a (k− 1)-regular subgraph with 2k− 2 vertices and |V (G)| ≥ 2k+ 1, or
(2) G contains a (k− 1)-clique and G is not isomorphic to a (k+ 1)-clique.
Proof. We first prove the sufficiency.
Assume that G is a graph with |V (G)| ≥ 2k+ 1 which contains a (k− 1)-regular subgraph Y with 2k− 2 vertices. Then
|ω(V (Y ))| = |V (Y )| = 2k − 2 and G − V (Y ) contains at least three vertices. Furthermore G − V (Y ) is connected, since
otherwise |ω(V (Y ))| ≥ 2λ(G) = 2k > 2k− 2 = |ω(V (Y ))|, a contradiction. It follows that G is not super-λ(2).
Next, suppose G contains a (k − 1)-clique Y and G ≁= Kk+1. Then G − V (Y ) contains at least three vertices since G is
k-regular. By a similar argument as above, notice that |ω(V (Y ))| = 2|V (Y )|, we see that G− V (Y ) is connected and G is not
super-λ(2).
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Fig. 2. Non-super 2-restricted edge-connected minimal Cayley graphs.
Next, we prove the necessity. Since Kk+1 is super-λ(2), we may assume that G ≁= Kk+1.
Let A be a λ(2)-superatom of G. Then
|A|(|A| − 1) ≥ Σx∈AdG[A](x) ≥ k|A| − |ω(A)| = k|A| − (2k− 2)
= |A|(|A| − 1)− |A|(|A| − 1)+ k|A| − (2k− 2)
= |A|(|A| − 1)− (|A| − k+ 1)(|A| − 2).
Since |A| ≥ 3, we have |A| ≥ k− 1.
By Theorem 2.3(1), G[A] is vertex transitive. Assume that G[A] is t-regular, then
2k− 2 = ω(A) = |A|(k− t) ≥ (k− 1)(k− t) (1)
that is, (k− 1)(k− t − 2) ≤ 0. Hence, t ≥ k− 2.
If t = k− 2, then by inequality (1), we have |A| = k− 1, that is, G[A] is a (k− 1)-clique.
If t = k− 1, then by (1), we have |A| = 2k− 2, that is, G contains a k− 1-regular vertex transitive subgraph with 2k− 2
vertices and |V (G)| ≥ 2k+ 1. 
Meng [13] characterized optimal-λ(2) vertex transitive graphs as follows.
Theorem 2.5. Let G be a k-regular connected vertex transitive graph. If G is not a complete graph, then G is not optimal-λ(2) if
and only if it contains a (k− 1)-regular subgraph Y satisfying k ≤ |V (Y )| ≤ 2k− 3.
Combining Theorems 2.4 and 2.5, we can give a characterization of super-λ(2) vertex transitive graphs.
Theorem 2.6. Let G be a k-regular connected vertex transitive graph. If G is neither a complete graph nor a graph of z =
{Cm[K2], Cm(K2), Cm[K2] −M,Mm, Cm} ∪ Dt , then G is not super-λ(2) if and only if one of the following conditions hold:
(1) G contains a (k− 1)-regular subgraph Y satisfying k ≤ |V (Y )| ≤ 2k− 3.
(2) G contains a (k− 1)-regular subgraph Y with 2k− 2 vertices and |V (G)| ≥ 2k+ 1.
(3) G contains a (k− 1)-clique and G is not isomorphic to a (k+ 1)-clique.
Now, we characterize super 2-restricted edge-connected minimal Cayley graph X = Cay(G, S). The following special
graphs are needed, see Fig. 2.
Theorem 2.7. Let X = Cay(G, S) be an optimal-λ(2) k-regular minimal Cayley graph. If X is not a graph of z, then X is not
super-λ(2) if and only if either
(1) S = {x, x−1, t1, t2} with x3 = 1G and t21 = t22 = 1G or t1 = t−12 , o(ti) ≥ 3, i = 1, 2, X ∼= Tm; or
(2) S = {x, y, t} with x2 = y2 = t2 = 1G and G ∼= Z2 × Z2 × Z2, X ∼= Q3.
Proof. We first prove the sufficiency. For condition (1), let A = ⟨x, x−1⟩; for condition (2), let A = ⟨x, x−1, y⟩; for condition
(3), let A = ⟨x, y⟩. Then X[A] = Cay(A, A ∩ S). By Theorem 2.4, X is not super-λ(2).
Next, we prove the necessity. Assume that A is the λ(2)-superatom containing 1G. By Theorem 2.3(2), A is a subgroup of
G. Furthermore, X[A] ∼= Cay(A, A ∩ S). By the proof of Theorem 2.4, it is sufficient to consider the following two cases.
Case 1. X[A] is a (k− 1)-clique.
Since X[A] is (k− 2)-regular, we have S \ (A∩ S) = {t1, t2}. Furthermore, it can be seen that t1 and t2 are either elements
of order 2 or t1 = t−12 , and o(ti) ≥ 3 for i = 1, 2.
Assume A ∩ S = {x1, x2, . . . , xp, y1, . . . , yq, y−11 , . . . , y−1q }, where xi (i = 1, . . . , p) are elements of order 2 and
yj (j = 1, . . . , q) are elements of order at least 3. Recall that A ∩ S is a symmetric minimal generating set of A. Zhang
andMeng proved in [19] that for such a set, |⟨x1, . . . , xp⟩| ≥ 2p if q = 0, and |⟨x, . . . , xp, y1, . . . , yq⟩| ≥ 3 ·2p+q−1 otherwise.
Combining this with |A| = k − 1 and |A ∩ S| = k − 2, we see that the only possible cases are either p = 0 and q = 1, or
p = 1 and q = 0. In any case, |A| ≤ 3. Since A is a λ(2)-superatom of X , we have |A| = 3. Thus, A is a 3-order group, that is,
A = ⟨x⟩ ∼= Z3. Then it can be seen that X ∼= Tm in Fig. 2.
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Case 2. X[A] is a (k− 1)-regular graph with 2k− 2 vertices.
Let S1 = A ∩ S. Then S1 contains k − 1 elements. Since S1 ≠ G, we have S \ S1 = {t} with o(t) = 2. Since
|A| = |⟨S \ {t}⟩| = 2k − 2 is even, A must contain an element of order 2, say y. Thus, A = ⟨S1 \ {y}⟩ ∪ y⟨S1 \ {y}⟩,
|⟨S1 \ {y}⟩| = k− 1 and |S1 \ {y}| = k− 2. Hence, ⟨S1 \ {y}⟩ is a (k− 1)-order group generated by a (k− 2)-order symmetric
minimal generating set. By an argument similar to the above, we have k− 1 ≤ 3.
Subcase 2.1. k− 1 = 3.
In this case, ⟨S1 \ {y}⟩ = {1G, x, x−1} with o(x) = 3. Thus, S1 = {x, x−1, y}. Note that A = ⟨S1⟩ is a 6-order group. It
can be seen that A ∼= Z6 or S3 and S = {x, x−1, y, t} with x3 = y2 = t2 = 1G. This implies a contradiction as A is not a
λ(2)-superatom.
Subcase 2.2. k− 1 = 2.
In this case, S1 = {x, y} with o(x) = o(y) = 2. Since |A| = 4, we have xy = yx. Thus, A ∼= Z2 × Z2 and S = {x, y, t} with
o(x) = o(y) = o(t) = 2. Since S is a symmetricminimal generating set, we have |G| = 8 and G = {1G, x, y, t, xy, xt, yt, xyt}.
We can show that tx = xt . In fact, since x, y, t, 1G are all distinct, we see that tx ≠ 1G, x, t . Notice that xy = yx, we have
tx ≠ xy. If tx = y, then t = yx−1 ∈ ⟨x, y⟩, contradicting that S is a symmetric minimal generating set. For the same reason,
t ≠ yt or xyt . Hence tx = xt . By a similar argument, it can be proved that G is abelian. Hence G ∼= Z2 × Z2 × Z2, and X ∼= Q3,
see Fig. 2. 
3. Super-λ(3) vertex transitive graph
The concepts of λ(3)-cut, λ(3)-fragment, and λ(3)-atoms can be defined similarly to those concerning λ(2) in Section 2. A
λ(3)-fragment is trivial if it contains exactly three vertices. A non-trivial λ(3)-fragment with minimum cardinality is called
a λ(3)-superatom. Thus, if G has some λ(3)-superatom, then G is not super-λ(3), and the cardinality of λ(3)-superatom is at
least 4. A graph is called C4-free (triangle-free) if it contains no C4 (C3) as a subgraph. We shall use an old result on the C4-free
graphs as follows, see [5,3,14] for details:
If a graph Gwith n vertices andm edges contains no cycles of length 4, then
m ≤ 1
4
n(1+√4n− 3). (2)
Lemma 3.1. Let G be an optimal-λ(3) k-regular vertex transitive graph containing no cycles of length 4, k ≥ 4. If G is not super-
λ(3), then any two distinct λ(3)-superatoms of G are disjoint.
Proof. Let A, B be two λ(3)-superatoms of G and assume A ∩ B ≠ ∅. By an argument similar to the proof of the claim in
Lemma 2.2, we have |A ∩ B| ≤ 3 and |A \ B| ≤ 3.
Case 1. |A ∩ B| = 1.
Since A is a λ(3)-superatom of G, we have |A| ≥ 4. Then it follows from |A \ B| ≤ 3 that |A| = 4. As a consequence,
ω(A) ≥ ξ4(G). On the other hand, since G is optimal-λ(3), we have ω(A) = λ(3)(G) ≤ λ(4)(G) ≤ ξ4(G). Hence ω(A) = ξ4(G).
Note that G is C4-free, then we have 3k − 4 = ξ3(G) = λ(3)(G) = ω(A) = ξ4(G) = 4k − 6 if G is triangle-free; and
3k− 6 = ξ3(G) = λ(3)(G) = ω(A) = ξ4(G) = 4k− 8 if G contains some triangles. Both cases imply k = 2, contradictions.
Case 2. |A ∩ B| = 2.
In this case, |A| = 4 or 5. By an argument similar to Case 1, we see that if |A| = 4, then k = 2; if |A| = 5, then it follows
from either 3k − 4 = ξ3(G) = ω(A) = ξ5(G) ≥ 5k − 10 when G triangle-free, or otherwise 3k − 6 = ξ3(G) = ω(A) =
ξ5(G) ≥ 5k− 12 that k ≤ 3. Both incur contradictions.
Case 3. |A ∩ B| = 3.
In this case, |A| = 4, 5 or 6. The case |A| = 4 or 5 is similar to the above. In the case that |A| = 6, 3k − 4 = ω(A) =
ξ6(G) ≥ 6k−12 if G is triangle-free, and thus k ≤ 2, a contradiction; Assume that G contains some triangles. By (2), we have
G[A] contains at most 8 edges. Thus we have 3k− 6 = ω(A) = ξ6(G) ≥ 6k− 16 and then k ≤ 3, a contradiction. 
Lemma 3.2 ([11]). If G is a k-regular graph with girth g, then
|V (G)| ≥ n(k, g) =

1+ k+ k(k− 1)+ · · · + k(k− 1) g−32 if g is odd,
2(1+ k− 1+ · · · + (k− 1) g2−1) if g is even.
Theorem 3.3. Let G be an optimal-λ(3) k-regular vertex transitive graph containing no cycles of length 4, k ≥ 4. Then G is
super-λ(3).
Proof. Since G is optimal-λ(3), we have |ω(A)| = λ(3)(G) = ξ3(G) = 3k− 4 if G contains triangles, and otherwise |ω(A)| =
λ(3)(G) = ξ3(G) = 3k−6. Assume thatG is not super-λ(3) andA is aλ(3)-superatomofG. By Lemma3.1 and Theorem2.3,G[A]
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is vertex transitive, and thus regular. Suppose the regularity of G[A] is t . By (2), t|A|2 = |E(G[A])| ≤ 14 |A|(1+
√
4|A| − 3) and
then |A| ≥ t2−t+1. Note that f (t) = t2−t+1 is creasingwhen t ≥ 12 , then t < |A|2 when |A| ≥ 6 since |A| ≥ |A|2
2− |A|2 +1 is
imposable for t ≥ |A|2 and |A| ≥ 6. If |A| ≤ 5, then G[A] ∼= C5 since G[A] is vertex transitive. Thus 5k−10 = |ω(A)| = 3k−4,
or 5k− 10 = |ω(A)| = 3k− 6, but both imply k ≤ 3, contradictions. Thus, we assume t < |A|2 and |A| ≥ 6 from now on.
Case 1. G is triangle-free.
In this case, the grith of G is at least 5. Note that t < |A|2 , then
|A| |A|
2
> Σx∈AdG[A](x) = k|A| − |ω(A)| = k|A| − (3k− 4)
> |A| |A|
2
− |A| |A|
2
+ k|A| − 5
3
|A| + 3
2
|A| − (3k− 5)− 1
= |A| |A|
2
−
 |A|
2
− 3k− 5
3

(|A| − 3)− 1.
Since |A| > 3, we have |A|2 − 3k−53 > − 1|A|−3 > −1. Hence, |A| > 2(3k−8)3 ≥ 3k−43 (recall that k ≥ 4). Then by
3k− 4 = |ω(A)| = |A|(k− t) > 3k− 4
3
(k− t), (3)
we see that t > k − 3. Since G is connected, we have t ≤ k − 1. If t = k − 1, then by (3), |A| = 3k − 4. But by
Lemma 3.2, |A| ≥ n(k − 1, 5) = 1 + (k − 1)2 > 3k − 4 for k ≥ 4, a contradiction. If t = k − 2, then |A| = 3k−42 .
Since |A| ≥ n(k− 2, 5) = 1+ (k− 2)2 > 3k−42 for k ≥ 4, again a contradiction.
Case 1. G contains triangles.
Note that |ω(A)| = 3k − 6 in this case. Replace |ω(A)| = 3k − 4 by |ω(A)| = 3k − 6 in the argument of Case 1,
we have |A|2 − 3k−53 > 1|A|−3 > 0 and thus |A| > 2(3k−5)3 . That is, t = k − 1 and then |A| = 3k − 6. By (2), 3k − 6 =
|A| ≥ t2 − t + 1 = (k− 1)2 − (k− 1)+ 1 and then k = 3, a contradiction. 
Remark 3.4. It is well known that the Petersen graph is a 3-regular, vertex transitive and optimal-λ(3) graph with grith
= 5, but it is not super-λ(3) which implies k ≥ 4 in Theorem 3.3 cannot be weakened, see [6,8]. On the other hand, the
4-dimensional hypercube Q4 is a 4-regular, vertex transitive and optimal-λ(3) graph containing cycles of length 4, but it is
not super-λ(3) which implies C4-free in Theorem 3.3 is also needed in, see [8,9].
Theorem 3.3 is a characterization based on the assumption of λ(3)-optimality. Some readers may ask a natural question:
which vertex transitive graph is optimal-λ(3)? We suggest the readers to refer to [19] for a detailed study of optimal-λ(3)
vertex transitive graphs.
4. Conclusion
We point out that the detailed characterization of the graph family Dt is not obtained in this paper, then the
characterization in Theorem 2.6 is not completed, that is, such a problem on the super 2-restricted edge-connected vertex
transitive graphs is still open in some sense. We point out here that Tian and Meng also obtained a similar result as
Theorem 2.6 in [Super 2-restricted edge-connected vertex transitive graphs, Ars Combinatoria, accepted]. For the sake of
completeness, we also give the complete proof in this paper.
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